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ABSTRACT. We introduce fuzzy groupoid graded rings and, as a par- 
ticular case, fuzzy crossed product algebras. We show that there is a 
bijection between the set of fuzzy graded isomorphism equivalence classes 
of fuzzy crossed product algebras and the associated second cohomology 
group. This generalizes a classical result for crossed product algebras to the 
fuzzy situation. Thereby, we quantize the difference of richness between 
the fuzzy and the crisp case. We give several examples showing that in the 
fuzzy case the associated second cohomology group is much finer than in 
the classical situation. In particular, we show that the cohomology group 
may by infinite in the fuzzy case even though it is trivial in the crisp case. 
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1. INTRODUCTION 


About fifty years ago, Zadeh [25] introduced the notion of a fuzzy set as a 
function from the given set to the unit interval. Two years later, Goguen [7] replaced 
the unit interval by an arbitrary complete ordered lattice. Six years later, Rosenfeld 
[20] extended the concept of fuzzy sets to algebra by defining fuzzy subgroups of a 
group. Since then a lot of work has been devoted to proposing different versions of 
what fuzzy algebras of distinct types may be, e.g. fuzzy semigroups, fuzzy groups, 
fuzzy rings, fuzzy ideals, fuzzy semirings, fuzzy near-rings and fuzzy categories, see 
eg. (1, 21, Bl, 4), 5), (6), (8), (91, (10), (11), (121, (13), [4], 16), 27], 2U, 221, [8], 
[19], [26] and [27]. The fuzzy algebraical structures are richer and more complicated 
than in the classical case. The purpose of this article is to quantize this difference in 
richness for the class of fuzzy crossed product algebras. To this end, we show that 
there is a bijection between the set of fuzzy graded isomorphism equivalence classes 
of fuzzy crossed product algebras and the associated second cohomology group (see 
Theorem 1.2) and that this cohomology group, in many cases, is much finer than in 
the classical case. 
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Recall that the classical crossed product algebras are defined in the following way. 
Suppose that A is a ring. We always assume that A is associative and that it has 
a multiplicative identity 1. We let U(A) denote the group of units of A and we let 
Z(A) denote the center of A i.e. the set of a € A satisfying ab = ba for all b € A. 
Furthermore, we let Endom(A) (or Aut(A)) denote the set of ring endomorphisms 
(or automorphisms) of A. Let G be a group written multiplicatively with identity 
element e. If o : G > Aut(A) and a: G x G + U(A) are maps satisfying the 
following three relations for all g,h,p€ G and allae A 


(1.1) Og(n(@))g,n = Ay,n7gn(a) 
(1.2) Onna = C7 One) Osim 
(1.3) Qg,e = Aeg = 1 


then the crossed product algebra defined by o and a, denoted by A x? G, is the 
collection of formal sums ge agg, for ag € A, g € G, where ag = 0 for all 
but finitely many g € G. The addition on A x2 G is defined pointwise and the 
multiplication on A x? G is defined by the biadditive extension of the relation 


(1.4) (ag) (bh) = (aog(b)ag,n)(gh), 

for a,b € A and g,h € G. Note that (1.1) and (1.2) imply that the multiplication 
on A x2 G is associative and by (1.3) we get that the element le is a multiplicative 
identity for A x? G. It is clear that R = A x? G is a G-graded ring ie. that 
R= ®geqRy as additive groups and R,Rpz C Rgn, for g,h € G, where R, = Ag, 
for g € G. Recall that if S is another G-graded ring, then a ring homomorphism 
f : R — S is called graded if f(R,) C S,, for g € G. In the classical theory, 
two crossed product algebras A x? G and A x%, G are said to be equivalent if 
there is a graded ring isomorphism between them that is simultaneously an A- 
bimodule isomorphism. The set of such equivalence classes can be described by 
group cohomology in the following elegant way. 


Theorem 1.1. Jf A is a ring and o is a map from G to Aut(A), then there is 
a bijection between H?(G,U(Z(A))) and the set of equivalence classes of crossed 
product algebras A x° G defined by maps a from G x G to U(A) satisfying (1.1), 
(1.2) and (1.3). 


For proof of Theorem 1.1 and more details concerning graded rings, see e.g. [15]. 
The purpose of this article is to state and prove a fuzzy version of Theorem 1.1 
(see Theorem 1.2). To this end, suppose that up : A > L is a fuzzy subring of A 
where L is a complete distributive lattice. We let Endoms,(A) (or Auts,(A)) denote 
the set of fuzzy ring endomorphisms (or automorphisms) of A. Furthermore, let 
A,, denote the subring of A consisting of elements a € A that satisfy (ab) > pu(b) 
for allb € A. Ifo: G > Aut,,(A) and a: G x G > U(A,,) are maps satisfying 
(1.1), (1.2) and (1.3), then there is an extension of yz to a fuzzy subring of A x2 G 
defined by n(x) = Ajeg Hag) for all = D7 eg agg in A x% G (see Proposition 
2.8). We call such fuzzy subrings fuzzy crossed product algebras. We say that two 
fuzzy crossed product algebras A x2 G and A x°?, G are fuzzy equivalent if there 
is a graded fuzzy ring isomorphism between them that is simultaneously a fuzzy 
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A-bimodule isomorphism. In Section 3, we show that the set of such equivalence 
classes can be described by group cohomology in the following way. 


Theorem 1.2. If w is a fuzzy subring of a ring A and o is a map from G to 
Auts,(A), then there is a bijection between H*(G,U(Z(A,))) and the set of fuzzy 
equivalence classes of fuzzy crossed product algebras Ax° G defined by maps a from 
Gx G to U(A,) satisfying (1.1), (1.2) and (1.3). 


The article is organized as follows. In Section 2, we recall the definition of the 
sum )0,<,/4i of a collection fuzzy subsemigroups ;, for i € I, of a commutative 
semigroup, and, in particular, the direct sum ®je;p; of such fuzzy semigroups. In 
the same section, we use this to define fuzzy groupoid graded rings. In Section 3, 
we introduce an equivalence relation on maps a : G x G — U(A,,) and we show that 
equivalence of such maps holds precisely when the corresponding crossed product 
algebras are equivalent. In the same section, we recall the theory of group coho- 
mology of abelian groups and we apply this theory on the G-modules U(Z(A,,)) to 
show Theorem 1.2. In the end of this section, we give several examples of calcula- 
tions of H?(G,U(Z(A,,))) many of which show that this cohomology group is finer 
than the classical cohomology group H?(G,U(Z(A))). In particular, we show that 
H?(G,U(Z(A,))) may even be an infinite group though H?(G,U(Z(A))) is trivial. 


2. FUZZY GRADED RINGS 


In this section, we fix the notation concerning fuzzy sets and algebras. We also 
recall the definition of the sum 50,-, 1; of a collection fuzzy subsemigroups j1;, for 
i € I, of a commutative semigroup, and, in particular, the direct sum @je7p; of such 
fuzzy semigroups (see Definition 2.4 and Definition 2.6). We use this to define fuzzy 
groupoid graded rings (see Definition 2.7). In the end of this section, we show that 
crossed product algebras defined by groupoids are fuzzy groupoid graded rings (see 
Proposition 2.8). 

For the rest of the article, we let L denote a complete distributive lattice with meet 
and join denoted by V and A respectively. We let the least and greatest elements of 
L be denoted by 0 and 1 respectively. Let G be a groupoid. By this we mean a set 
G equipped with a binary operation Gx G3 (g,h) gh eG. Let u:GoLbea 
fuzzy subset of G. Recall that zis a fuzzy subgroupoid of G if u(gh) > u(g) A u(h) 
for all g,h € G. If Gis a monoid with identity element e, then pu is a fuzzy submonoid 
of G if it is a fuzzy subgroupoid of G satisfying u(e) = 1. If G is a group, then yp is 
a fuzzy subgroup of G if it is fuzzy as submonoid of G satisfying u(g~') = u(g) for 
allg € G. If G is a ring, then y is called a fuzzy subring of G if it is both a fuzzy 
subgroup of G with respect to addition and a fuzzy subgroupoid of G with respect 
to multiplication. Note that if G is a commutative monoid (or abelian group), then 
we often let the identity element (or the inverse of g € G) be denoted by 0 (or —g). 


Proposition 2.1. If G is a semigroup (abelian group, ring) and is a fuzzy 
subsemigroup (subgroup, subring) of G, then the set G, = {g € G | p(gh) = 
u(h), for allh © H} is a subsemigroup (subgroup, subring) of G. 


Proof. Suppose that G is a semigroup and take g,h € G, and p € G. Then 
w((gh)p) = pwl(g(hp)) > u(hp) > pulp). Therefore gh € G,. If G is an abelian 
3 


Patrik Nystedt /Ann. Fuzzy Math. Inform. x (20ly), No. x, xxx-xxx 


group and p is a fuzzy subgroup of G, then y(g~tp) = u((g-tp)—!) = u(p7tg) = 
u(gp*) > ppt) = pp). Hence g7' € Gy. Also p(ep) = u(p) so e € Gy. 
Suppose now that G is a ring and that yu is a fuzzy subring of G. By the above, 
we get that with respect to multiplication yz is a fuzzy subsemigroup of G. Also 
u((g+h)p) = w(gp+ hp) = w(gp)\u(hp) = u(p) \u(p) = E(p) so A, is closed under 
addition and subtraction. Since u(Op) = (0) = 1 > p(p) and p(1p) = p(p) we get 
that 0,1 € Gy. 


Proposition 2.2. Let A be a ring and A’ a subring of A such that A and A’ have 
the same multiplicative identity. If ps is the fuzzy subset of A defined by p(x) = 1 if 
x € A’ and p(x) =0 ifx Ee A\ A’, then p is a fuzzy subring of A and A, = A’. 


Proof. Take a,b € A. First we show that (ab) > p(a) A p(b). It is enough to show 
this inequality in the case when u(ab) = 0. But in that case ab € A \ A’ and hence 
a€A\A' orb€ A\A’. Therefore (a) = 0 or u(b) = 0 and hence pu(a) A u(a) = 0. 
In a completely analogous fashion it is shown that u(a+ b) > u(a) A p(b). So wisa 
fuzzy subring of A. 

Now we show that A’ = A,,. First we show the inclusion A’ C A,. Take a € A 
and a’ € A’. Then p(a’a) > (a) A ua’) = w(a) Al = pla). Therefore a’ € Ay. 
Now we show the inclusion A,, C A’. Take a” € A,. Then, since 1 € A,,, we get 
that pu(a’”) = p(a”- 1) > w(1) = 1. Therefore a” € A’. 


Proposition 2.3. The collection of fuzzy subgroupoids of G is a complete ordered 
lattice with respect to the ordering defined by putting u < py’ whenever u(g) < p’(g), 
forgéeG. 


Proof. Define v := Ajerp; of a family pi, i € I, of fuzzy subgroupoids of G, by 
(AicrHi) (9) = AierHi(g), for g € G. If g,h € G, then v(gh) = Nicrpi(gh) = 
Niet (Mi(g) A mi(h)) = (Aieroi(g)) A (Aiermi(h)) = v(g) A v(h). 


Definition 2.4. Suppose that G is a groupoid and we are given a non-empty set 
I and a collection of fuzzy subsets y; of G, for i € I. Then we let >7,-; Mi be 
the fuzzy subset of G defined in the following way. Take g € G. Let P(g) denote 
the set of all possible ways of representing g as a product, using parentheses, of 
some g; € G, for i € J, where J ranges over all finite subsets of IJ. Now let 


(Mier Hi)(9) = Veg) Nie Hil 9)- 


Proposition 2.5. If G is a commutative monoid (group) and pi, for i € I, are 
fuzzy submonoids (subgroups) of G, then Do ,-, Mi is a fuzzy submonoid (subgroup) 
of G and is < Vier mi for allie I. 


Proof. This follows from Theorem 1.5.5 in [13]. For the convenience of the reader, we 
include the details of the proof for the particular case that we need. Put v = 0 j¢; Mi 
and take g € G. From the definition of v it follows that u; < v for alli € J. 
Furthermore, it is clear that v(0) = 1 and that if G is a group, then v(—g) = v(g). 
If g,h € G and we put a = gh, then 


(a) = V \ [ui(ai) 2 V VV \ Mi(gihi) = 


(ai )iesEP(a) t€S (gi )iesEP(Q) (hi)iesEP(h) t€F 
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> VV V J (uli) A pi(hy))) = 


(gi)iesEP(Q) (hi)iesEP(h) 1€F 


= VV VV GAN Li (gi) mINGAN i(hi))) = 


(gi)ies€P(g) (hi)iesEP(h) 1€I ied 
- Vo (A nilgd | A Vo A wilh) | = 0g) Av(A). 
(gi)iesEP(g) 1€S (hi)ierEP(h) 1€S 


Definition 2.6. Let y and p;, for 7 € I, be fuzzy subsets of a commutative monoid 
G. We say that yw is the fuzzy direct sum of the ;,, for 7 € J, if uw = D),-, mi and 
Mj \ Lig; Hi = E, for j € I, where E is the fuzzy subset of G defined by E(0) = 1 
and E(x) = 0 for non-zero x € G. In that case we write 4 = Gjerp;. In that case 
we say that yu is fuzzy graded by the p4;, for i € J. 


Definition 2.7. If v and v’ are fuzzy additive subgroups of a ring A, then we define 
a fuzzy subset vv’ of A in the following way. Take a € A. Let Q(a) denote the set 
of all possible ways of representing a = )>;"_, bic;, for bj, ¢; € A, where n a positive 
integer. Following Definition 3.1.3 in [13] we let 


()(ay=\V A (¥(6i) Ave) 
Q(a) 1<i<n 

Suppose that G is a multiplicatively written groupoid. We say that a fuzzy subring 
pe of A is graded of type G, or A is fuzzy G-graded, if there is a family {tug}geq of 
fuzzy additive subgroups of A such that 4 = @geGug and pgla < Mgn for g,h € G. 
Suppose that yu is a fuzzy G-graded subring of A. If G has an identity element e, 
then Mele < fe. Hence, in that case, we can define a fuzzy G-grading of uw by ue = ps 
and jig = E for nonidentity g € G; we will refer to this fuzzy G-grading as the trivial 
fuzzy G-grading. 

Proposition 2.8. Suppose that A is a ring, G is a groupoid, p is a fuzzy subring of 
A,o:G— Endom,,(A) anda:GxG— A, are maps satisfying (1.1), (1.2) and 
(1.3). If we define multiplication on A x? G by (1.4) and we define an extension of 
pu to AMSG by u(x) = AgeGH(ag) for allx =>) jcgagg in AXZG, then p is a fuzzy 
G-graded subring of A with 11 = @geGhg where we for any x = ec agg C AXZG 
put p(x) = pla), if a, = 0, forhe G\ {g}, and p,(x2) =0, if a), 40, for some 
heG\{g}. 

Proof. First we show that pu is a fuzzy subring of Ax? G. If « = Dee agg and 
Y= Dneg onh in Ax? G, where ag = b;, = 0 for all but finitely many g, h € G, then 


w(x—y) = fe So (a, — bg)g | = AgeaH(ag—bg) = Agea(H(ag)Au(bg)) = w(x) Au(y) 
gEG 


and 


p(xy) = \ ML S- AgFg(bn)ag,n | 2 \ \ [W(agFq(bn)Qg,n) = 


pEeG gh=p peG gh=p 
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> \ \ u [(agFq(bn)) >A \ u U(dg) A og(u = \ u p(ag) A po(bp)) = 
peG gh=p pEG gh=p pEG gh=p 
= (Ageaag) A (Ancabn) = w(x) A u(y). 
Next we show that 4 = QgeGftg. Take g € G. First we show that pu, is a fuzzy 
additive subgroup of A»? G. First of all 1g(0) = u(0) = 1. Now take @ = )) cg agg 
and y = one bah in A xZ% G. Now we show that pug(x — y) > fig (x) A Ug (y). We 
only need to consider the case when jug(z) > 0 and y4(y) > 0. But then x = agg and 
y = bgg and hence jig(t—y) = fg (Agg—bgg) = Hg((ag— bg)9) = blag —bg) = (ag) A 
(bg) = Mg (x) A Ugly). Next we show that = >? j¢¢ Hg. The left hand side of this 
equality is u(z) = Agegp(a,). Now we calculate the right hand side of the equality. 
By the definition of 5 eG Hg We only need to consider the subsets J of A x? G with 
Hg(Zg) > O for all g € G. But then we must have zy = agqg for all g € G. Hence 
(igec Hg )(®) = AgeGhg (499) = AgecH(ag). Hence u = >) jcg Hg. Now we show 
that 6 = Bgegftg. To show that pg A dhe \ {9} [tn = E we only need to check the 
equality for c = agg # 0 (otherwise g(x) = 0). But then x, = 0 for allh € G\ {g} 
which implies that J = @ and hence ()7,<@\{9} Hh)(@) = 0. Finally we show that 
Lglth < fgn- First of all, by the definition of ugun(x) we get that it is enough to 
consider n = 1 and b; = ajg and c; = ah for some a;,a, € A. But then « = agagh 
for some agy € A. Thus (jtg/th)(2) = Naa’=ayn (Ha) A p(a’)) < j1(agn) = Ayn (2): 


3. GROUP COHOMOLOGY 


In this section, we first recall the definition of group cohomology (see Definition 
3.1). Then we use this formalism to show Theorem 1.2. In the end of this section, 
we give several examples (see Example 3.8, Example 3.9 and Example 3.10) of calcu- 
lations of H?(G,U(Z(A,))) many of which show that this cohomology group is finer 
than the classical cohomology group H?(G,U(Z(A))). In particular, we show that 
in some cases H?(G,U(Z(A,,))) is infinite even though H?(G,U(Z(A))) is trivial 
(see Example 3.10). 


Definition 3.1. Let G be a group and M a G-module. By this we mean that M 
is an abelian group equipped with a group homomorphism 0 : G > Aut(M). Let 
Z(G, M) denote the abelian group of all maps Gx G 3 (g,h) + ag.n € M satisfying 
(1.2) and (1.3). Note that (1.1) is automatically satisfied. Let B?(G,M) denote the 
set of all maps G x G 5 (g,h) +> ag,n € M such that there are u, € M, for g € G, 
satisfying ue = 1 and 


(3.1) Ag,h = Ugg (Un)Ugy, 


for all g,h € G. Then B?(G, M) is a subgroup of Z7(G,M). For the convenience 
of the reader we include an argument for this claim here. Suppose that a satisfies 
(3.1) for some ug € M, for g € G. It is clear that a satisfies (1.3). Now we show 
(1.2). Take g,h,p € G. Then 


QAg,hAgh,p = UgFg(Uh)U pp UghTgh(Up)U chy = Og(Un)Ogh(Up)Og(Uiy UgFg(Unp)U ain = 


= Og (UnTh(Up)Upy Ug Fy (Unp)U gn = F4(Qn,p)Qg,hp- 
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We define H?(G, M) as the quotient group Z7(G, M)/B?(G, M). In the sequel, we 
will use this formalism in the case when M equals the G-module U(Z(A,,)) for a 
given fuzzy subring uz of A and a group homomorphism o : G > Auts,(A). 


Remark 3.2. Suppose that G is a group and M is a G-module. Let M© denote the 
set of elements m € M satisfying o,(m) = m for all g € G. Now suppose that G is a 
finite cyclic group of order p with generator g. Let n(M/) denote the set of elements 
in M of the form []?_) oi (m) form € M. Let M) denote the set of elements in M 
of the form m? for m € M. Then H?(G, M) equals the quotient group M¢/n(M) 
(see any standard book on group cohomology, e.g. Proposition 3.2.1 in [24]). Hence, 
if the action of G on M is trivial, i.e. if a, = idjy, then H?(G, M) equals M/M®), 


Definition 3.3. Let A be a ring, w a fuzzy subring of A and G a group. Suppose 
that 0 : G + Endom,,(A) and a,a’ : G x G > A, are maps that satisfy (1.1), 
(1.2) and (1.3), then we say that a and a’ are equivalent, denoted a ~ a’, if there 
are ug € U(A,), for g € G, such that ue = 1, og(a)ug = ugog(a) and ay ,Ugn = 
UgFg(Un)Qg,n for alla € A and all g,hEG. 


Proposition 3.4. The relation ~ is an equivalence relation. 


Proof. Suppose that a,a’,a” : Gx G— A, are maps such all three maps a, a’ 
and a” satisfy (1.1), (1.2) and (1.3). It is clear that ~ is reflexive, with ug = 1, for 
g € G. Now we show that ~ is symmetric. Suppose that a ~ a’. Then there are 
ug € U(A,), for g € G, such that af Ugh = UgFq(Un)ag,n for g,h € G, and ue = 1. 
Then og(un)~tuz* a 
with vg = te for g € G. Now we show that ~ is transitive. Suppose that also 
a’ ~ aw”. Then there are v, € U(A,,), for g € G, such that aug nUgh = UgFg(Un OG p 
for g,h € G, and ve = 1. If we put wy = vgug, for g € G, then we get that ay nWgh = 
Oy nUghUgh a UgFg(Up)Oy nUgh = Ug0g(VA)U gly (Un)Ogh = Ugly Fg (UnJog Ua)aor = 
UgligFg(UnUn)Og,h = WgFq(Wh)Qg,h- 


/ = os / 
Qh = A%g,hUgp, and hence we get that agnvgn = UgFg(Vn)AG h 


Proposition 3.5. If A is a ring, G is a groupoid, wu is a fuzzy subring of A, o : 
G — Endom,,(A) and a,a’: Gx G— A, are maps satisfying (1.1), (1.2) and 
(1.3), then the fuzzy crossed products Ax? G and A hoe G are fuzzy equivalent if 
and only if a and a’ are equivalent. 


Proof. Suppose that f: Ax?G—> A xo G is a graded homomorphism of fuzzy 
crossed products with f(a) = a, for a € A. Since f(a) = a for all a € A, we get that 
f(ag) = augg for some u, € A, g € G. Furthermore, since o,(a)ugg = o,(a) f(g) = 
f(ag(a)9) = f(ga) = f(g)a = ugga = ugo,(a)g, we get that o,(a)u, = u,o,(a). 
Since f is a homomorphism of fuzzy rings, we get that (au,) > p(a) for alla e€ A. 
Therefore uy € A,,. Since f is an isomorphism, we get that f~! is also a graded 
homomorphism of fuzzy crossed products. We put f~'(g) = ugg for some v, € A, for 
g €G. Since fo f~! =id and f~!o f = id, we get that ugvg = vgtg = 1, forg eG. 
Therefore u, € U(A,), for g € G. Since f respects multiplication, we get that 
f(gh) = f(g) f(r), for g,h € G. This is equivalent to f(agngh) = (ugg)(unh) that 
1S Ag, nUgh = UgFg(Un)ay », for g,h € G. This is means that a and a’ are equivalent. 
On the other hand it is easy to see that if @ and a’ are equivalent, then there is a 
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graded isomorphism of fuzzy crossed products f : Ax? G—- A o G defined by 
f(g) = ugg, for g € G, and this map is also an A-bimodule isomorphism. 


Proposition 3.6. Suppose that A is a ring, G is a group, p is a fuzzy subring of 
A,o:G— Auty,(A) anda:GxG— U(A,) are maps satisfying (1.1), (1.2) and 
(1.8). IfB:GxG—U(A,), then Ba satisfies (1.1), (1.2) and (1.3) if and only if 
B € Z?(G,U(Z(A,,))). In that case, the fuzzy crossed products Ax%G and A x8°G 
are fuzzy equivalent if and only if 8 € B?(G,U(Z(A,))). 


Proof. First we show the ”if” statement. To show (1.1), we takea € A and g, he G. 
Then og(0n(@))Qg,n89,h = Ag,nFgn(@)Bgn = Ag,nBg,n7qn(@). Since both a and B 
satisfy (1.2) and (1.3) it follows that Ba also satisfies (1.2) and (1.3). 

Now we show the "only if” statement. Put a’ = Ga. Then 8 = a’a~!. We claim 
that 6 takes it’s values in Z(A,,). If we assume that the claim holds, then, since 
U(A,) M Z(A,) = U(Z(A,)), the map @ is well defined. Now we show the claim. 
Take g,h,p € Ganda € A. Since og and op, are surjective, we only need to show 
that Bg,n09(on(a)) = og(on(@))Bo,n. Now 


Bg,ng((on(@)) = 4 nq nFq((Fn(4))Og.nQ% 7, = A ny nXghTgh(@)Oy 7p, = 
= A nF gh(A)Oy 7 = Fq(Fn(4))O4 4% 4, = %q(Fr(2)) Bg,n- 


Now we show that 6 satisfies (1.2). 


eh -l1loy 1 _oy / -1 -1_ss / -1 _ 
Bg,nBghp = %,h&gn%gh,p%gh,p = %g,h%gh,p%Ggh,p% gh = %g,h%gh,p(%,hAgh.p) = 


= Tg(Ay »)@, np(Fo(Qn.p)Qg,hp) = Og (h yy, np% hpF9(Ah.p) = 


= Gil Ons leatees Cie) ie yl, og Oi) Paitip = Og Bue )Pa np 
It is clear that {3 satisfies (1.3). The last part of the proof follows from the first part 
and Proposition 3.5. 


Proof of Theorem 1.2. This follows immediately from Proposition 3.5 and Propo- 
sition 3.6. 


Proposition 3.7. Let G be a group and A a ring. Suppose that A’ is a subring of 
A equipped with the same multiplicative identity as A and yu is the fuzzy subring of 
A defined by u(x) = 1 ifx € A’ and p(x) = 0 ifx € A\ A’. If there is a group 
action 0 : G — Aut,,(A) which restricts to a group action a : G— Auts,(A’), then 
H?(G,U(Z(A,))) = H7(G,U(Z(4)))). 


Proof. This follows from Proposition 2.2. 


Example 3.8. Suppose that A = C and G = {e, g} is the group with two elements. 
Let G act on A trivially. Then U(A) is a G-module and by Remark 3.2 we get that 
H?(G,U(A)) = (U(A))°%/n(U(A)) = U(A)/U(A)®) = 1, since all complex units are 
complex squares. This means that 

e there is only one equivalence class of crossed product algebras Ax? G defined 

by maps a from G x G to U(A) satisfying (1.1), (1.2) and (1.3). 
Define a fuzzy subring pw of A by p(x) = 1 when a € R and p(x) = 0 otherwise. 
By Remark 3.2 and Proposition 3.7, we get that H?(G,U(A,)) = H?(G,U(R)) = 
U(R)/U(R)® = Zo. This means that 
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e there are two fuzzy equivalence classes of fuzzy crossed product algebras 
A™® G defined by maps a from G x G to U(A,,) satisfying (1.1), (1.2) and 
(133): 
If we define a fuzzy subring yu of A by p(x) = 1 when « € Q and p(x) = 0 otherwise, 
then we get that H?(G,U(A,)) = H?(G,U(Q)) = U(Q)/U(Q)™. The latter quo- 
tient group equals the direct sum of infinite countably many copies of Zz. Hence, 
we get that 


e there are infinitely many fuzzy equivalence classes of fuzzy crossed product 
algebras A »2% G defined by maps a from G x G to U(A,,) satisfying (1.1), 
(1.2) and (1.3). 


Example 3.9. Suppose that A = C and G = {e, g} is the group with two elements. 
Define an action of G on A by o, = id, and og = complex conjugation. Then U(A) 
is a G-module and by Remark 3.2, we get that H?(G,U(A)) = (U(A))¢/n(U(A)) = 
U(R)/U(R)® = Z. This means that 

e there are two equivalence class of crossed product algebras A x% G defined 

by maps a from G x G to U(A) satisfying (1.1), (1.2) and (1.3). 

Now put A’ = Z[V2, i] and let ps be the fuzzy subring of A defined by (x) = 1, for 
x € A’ and p(x) = 0, for z € A\A’. The group of units in A’ is (+1, (14+-V2)” | n € Z) 
(see any standard book on number theory e.g. Section 12.1 in [23]). Therefore, by 
Proposition 3.7, we get that 


H*(G,U(A,)) = H*(G,U(A’)) = 


= (+1, (1 — V2)" | ne Z)/((1— V2)?" | n € Z) = Zp x Zp. 
This means that 
e there are four equivalence classes of fuzzy crossed product algebras A «2 G 
defined by maps a from G x G to U(A,,) satisfying (1.1), (1.2) and (1.3). 


Example 3.10. Suppose that G is a finite cyclic group with p elements. Let A = C 
and suppose that G acts trivially on A. Then U(A) is a G-module and by Remark 
3.2 we get that H?(G,U(A)) = (U(A))@/n(U(A)) = U(A)/U(A)®) = 1, since all 
complex units are complex pth roots. This means that 
e there is only one equivalence class of crossed product algebras A»? G defined 
by maps a from G x G to U(A) satisfying (1.1), (1.2) and (1.3). 


Now put A’ = Z[V/2] and let ys be the fuzzy subring of A defined by p(x) = 1, for 
x € A’ and p(x) = 0, for x € A\ A’. By Proposition 3.7, we get that 


H°(G,U(A,)) = H2(G,U(A)) = (£1, (1+V3)" | n € Z)/((- 1)”, (14-V3)"" | n € Z). 
Hence, we get that 


H?(G,U(A,)) = Zz x Zp 
when p is even and 
H?(G,U(A,)) = Zp 


when p is odd. In particular, this implies that 
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e if p is even (or odd), then there are 2p (or p) equivalence classes of fuzzy 
crossed product algebras A x? G defined by maps a from G x G to U(A,) 
satisfying (1.1), (1.2) and (1.3). 


If we use the fuzzy subring ys from the end of Example 3.8 and p is odd (even), then 
we get that H?(G,U(A,,)) equals a direct sum of (Zz and) infinitely countable many 
copies of Z,. Thus there are infinitely many equivalence classes of fuzzy crossed 
product algebras A x? G defined by maps a from G x G to U(A,,) satisfying (1.1), 
(1.2) and (1.3). 
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